Abstract-This note deals with chained form systems with strongly nonlinear unmodeled dynamics and external disturbances. The objective is to design a robust nonlinear state feedback law such that the closed-loop system is globally -exponentially stable. We propose a novel switching control strategy involving the use of input/state scaling and integrator backstepping. The new features of our controllers include the ability to achieve Lyapunov stability, exponential convergence, and robustness to a set of uncertain drift terms.
I. INTRODUCTION
Over the past decade, the control and stabilization of nonholonomic systems has formed an active area within the nonlinear control community; see, for example, the recent survey papers [5] , [11] , and the references cited therein for an interesting introduction to this quickly expanding area. This flow of research activity has been mainly triggered by the well-known 1983 paper by Brockett [4] , where a necessary condition for asymptotic stabilization is stated. One of the consequences of the necessary condition is that a nonholonomic system is not stabilizable by stationary continuous state feedback. To overcome this impossibility, several interesting and fundamentally nonlinear approaches have been proposed. Examples of these approaches are open-loop periodic steering control, either smooth or continuous time-varying control, and discontinuous feedback control; see, for example, [1] - [3] , [6] , [7] , [9] , [10] , [13] , and [15] - [20] .
It should be noted that the majority of these constructive methods have been developed around an important class of driftless nonholonomic systems in chained form, which was brought to the literature by [18] . As explained and illustrated in [11] , [18] , and the references therein, many nonlinear mechanical systems with nonholonomic constraints on velocities can be transformed, either locally or globally, to chained form systems via coordinates and state-feedback transformation. For instance, we have seen such examples as tricycle-type mobile robots, cars towing several trailers, the knife edge, a vertical rolling wheel, and a rigid spacecraft with two torque actuators.
As is well known in the literature on nonholonomic control systems, a smooth time-varying state-feedback law can be applied to achieve asymptotic stabilization but fails to meet the requirement of exponential convergence. However, exponential convergence is an important performance characteristic for practical applications. To date, several important steps have been made toward the design of a continuous time-varying and/or discontinuous feedback law guaranteeing the exponential regulation of nonholonomic systems in chained form [2] , [10] , [16] , and [20] . Two types of control laws-discontinuous state feedback and time-varying feedback-have been frequently used in the recent literature to obtain an exponential rate of convergence for nonholonomic control systems (see, for instance, [1] , [2] , [6] , [10] , [14] , [16] , and [20] ). However, the closed-loop systems are not Lyapunov stable. Marchand and Alamir [15] obtained Lyapunov stability and exponential rate of convergence in the absence of disturbances. Since their result depends on a Riccati equation, it could not be easily extended, if not impossible, to the occurrence of uncertain disturbances [15] .
The purpose of this note is to obtain both robust global exponential regulation and Lyapunov stability for a class of disturbed nonlinear chained systems without imposing any restriction on the system order and the growth of the uncertain nonlinearities. The contribution of the note is twofold. We propose a systematic control design procedure to construct a switching robust nonlinear control law which not only solves the global exponential regulation problem, but also Lyapunov stability problem for all plants in the considered class, including the ideal chained system. For the Lyapunov stability with global exponential regulation, to the best of our knowledge, there is still no robustification tool for nonholonomic systems design.
The remainder of this note is organized as follows. In Section II, the class of nonholonomic systems with strongly nonlinear disturbances is introduced and the problem of global exponential stabilization is formulated. Section III first presents the input-state scaling technique and the backstepping design procedure and then a switching control strategy. In Section IV, we illustrate our novel control design methodology via a practical nonholonomic system with disturbances. The numerical simulations testify to the effectiveness and robustness aspects of the proposed robustification tool. Finally, some conclusions are given in Section V.
II. PROBLEM FORMULATION
The purpose of this note is to consider a perturbed version of the chained form [10] for all (t; x0; x; u0) 2 R+ 2 R 2 R n01 2 R.
As explained and illustrated in [10] , the structural triangularity condition in Assumption 2 is a quite common assumption in the framework of robust/adaptive nonlinear control [12] .
We first recall a notion of K-exponential stability from [20] , which reduces to exponential stability in the Lyapunov sense when the function is a linear function.
Definition 1: A system of the form : _ x = f (x) with x 2 R n is said to be globally K-exponentially stable (GES) if there exist a positive constant and a function of class K such that 8x(0) 2 R n , 8t 0 jx(t)j (jx(0)j) e 0t 8t 0:
This note aims to find explicit controllers
that globally K-exponentially stabilize all systems (1) satisfying Assumptions 1 and 2. A main difference with [1] , [2] , and [10] is that we are interested in achieving stability properties in the sense of Lyapunov.
On the basis of Assumptions 1 and 2, we are led to choose the control law u0 as u0 = 00x0 0 1 c 01 x00(x0) (5) where 0 > 0 is a positive design parameter. As a result, the following lemma can be established by considering the Lyapunov function candidate V0 = (1=2)x 2 0 and by applying directly the Gronwall Lemma (cf. [10] ).
Lemma 1:
For any initial instant t 0 0 and any initial condition x0(t0) 2 R, the corresponding solution x0(t) exists for each t t0 and satisfies lim t!1 x 0 (t) = 0. Furthermore, if x 0 (t 0 ) 6 = 0 then x0(t) 6 = 0 for all t t0.
Notice that the forward invariance property proved in Lemma 1 will be used in the controller design and stability analysis in the next section.
III. CONTROLLER DESIGN

A. Input-State Scaling and Backstepping Design
Introduce an input-state scaling discontinuous transformation defined by [6] and [15] 
Under the new -coordinates, the x-system is transformed into
The inherently triangular structure of (1) suggests that we should design the control inputs u 0 and u in two separate stages.
Assumption 3:
Assume that u 0 : R ! R is a continuous, almost everywhere differentiable function, with the following properties: P1) for all t 0, u0(t) 6 = 0; P2) for almost all t 0, jdu 0 =dtj 0 (x 0 )ju 0 (t)j, where 0 (x 0 ) is a known nonnegative function.
If u0 vanishes, x clearly becomes uncontrollable. P1) avoids this loss of controllability. P2) is only convenient for the control design.
From Section II, it is known that u0 = 0(0 + (0=c01))x0 fulfills Assumption 3 provided x0(t0) 6 = 0.
In the remainder of this section, we focus on designing the control input u provided that Assumptions 1-3 are satisfied.
According to Assumption 3, the discontinuous state transformation (6) is applicable because u 0 (t) 6 = 0 for every t t 0 . The design of the control input u will be based on an application of the common backstepping method to the transformed system (7). Indeed, (7) can be written in the more compact form
. . .
where, for each 1 i n 0 1 
Therefore, the proof of Lemma 2 is completed. Thanks to Lemma 2, (8) satisfies the "lower-triangularity" condition and therefore, the systematic controller design for u can be obtained using so-called backstepping methods [6] , [10] , [12] .
Step 1: Let us begin with the scalar 1 subsystem of (8)
where 2 is regarded as the virtual control input. Let z 1 = 1 and introduce the Lyapunov function V 1 = (1=2)z Note that 1 is a smooth function satisfying 1 (x 0 ; 0; u 0 ) = 0 8x 0 2 R:
Step i(2 i n 0 2): As in [10] 
Step n 0 1: At this last step, consider the whole -system (8) where the true input u is to be designed on the basis of the virtual control functions i 's. To this end, consider a positive-definite and radially unbounded Lyapunov function Vn01 = Vn02(z1; . . . ; zn02) + 1 2
As in [6] , [10] , and [12] , it is easy to know that some smooth nonnegative function ' (n01)j (x0; z1; . . . ; zn01; u0)(j = 1; 11 1;n0 1) can be found such that along the solutions of (8) 
Therefore, the following theorem can be obtained.
Theorem 1: Under Assumptions 1-3, if parameters i 's satisfies
= minfjcj1 0 n + 1 + jj; j= 1; . . . ; n 0 1g > 0 then the aforementioned control strategy (13) yields that the x-subsystem of uncertain system (1) with x = (x 1 ; 111; x n01 ) is well defined and is globally K-exponentially stabilized at the origin.
Proof: Let z = (z1; . . . ; zn01). According to (12), we have _ V n01 0V n01 which implies jz(t)j jz(0)je 0t ; t 0:
Then [10] j(t)j (j(x 0 (0);(0);u 0 (0))j)e 0"t ; t 0:
where " > 0, = (1; . . . ; n01) and is a class-K function.
Hence, (3) follows readily from (6) . As a particular case of Theorem 1, one has the following. 
B. Switching Scheme
In the preceding discussions, we have given the controller expressions (5) and (13) for u 0 and u of (1) if the starting point of the x 0 state component is not zero, i.e., x 0 (t 0 ) 6 = 0. Without loss of generality, we can assume that t0 = 0. Now, we discuss how to select the control laws u 0 and u when x 0 (0) = 0.
The purpose of this section is to answer this question by proposing a globally exponentially stabilizing static state feedback. Roughly speaking, when the initial state is x 0 (0) = 0 and x(0) 6 = 0 we first use an "almost" (nonzero) constant action u 0 and the corresponding control u that is designed based on a discontinuous coordinates transformation of the form (6) and backstepping technique to drive the state x 0 away from 0 in a short time duration [0, t s ), which depends only on initial point. Then, the almost constant feedback law is switched to an exponential regulator which is also based on a discontinuous coordinates transformation of the form (6) and backstepping technique. 
In order to prove Theorem 3, the following Lemma is needed. Lemma 3: Consider the uncertain differential equation Second, from Lemma 3 we know that x0(ts) 6 = 0. So we can switch from u 0 (t) = 0( 0 =c 01 )x 0 when t < t s (jx(0)j) to u 0 (t) = 0( 0 + (0=c01))x0 when t ts(jx(0)j). the closed-loop system is globally K-exponentially stable at the origin. Remark 1: It should be emphasized that a feedback controller may become excessively large even for small states. In particular, this may happen for initial conditions close to a singular manifold as in [6] and [10] . The key feature of our proposed feedback laws is that the controller 0( 0 =c 01 )x 0 (t) is applied only as x 0 (0) is zero and x(0) 6 = 0 in order to retrieve "some sufficient" controllability on the state x. Note that along the trajectories of the closed-loop system, when u 0 tends to zero, the state does the same.
Remark 2: In the absence of input and state disturbances, (1) becomes the standard chained system (i.e., d i = 1, d i = 0, 0 i n 0 1). An exponentially stabilizing controller was recently obtained in [15] , based on a Riccati equation. However, it is difficult, if not impossible, to extend the algorithm of [15] to the case when a chained system is subject to disturbances as in (1).
IV. EXAMPLE
A tricycle-type mobile robot with nonholonomic constraints on the linear velocity has often been used as a benchmark example in the recent literature on nonholonomic control systems design [8] , [10] . In where (x; y) denotes the position of the center of mass of the robot, is the heading angle of the robot, v is the forward velocity, ! is the angular velocity of the robot, and p 3 1 and p 3 2 are (unknown) positive parameters determined by the radius of the rear wheels and the distance between them.
The problem addressed in [8] and [10] was to steer the robot to the origin by a state-feedback control law, regardless of the value of the unknown constant parameters p 3 1 and p 3
2 . In [8] , a supervisory control scheme was presented to solve the problem without a priori knowledge of the parameters p 3 1 and p 3
2 . However, the convergence rate is not exponential but asymptotic. In [10] , using the following change of coordinates and feedback: Then, a switching control scheme was presented to solve the problem without a priori knowledge of the parameters p 3 1 and p 3 2 in [10] . The closed-loop system is not Lyapunov stable although the convergence rate is exponential.
We will design a robust state-feedback controller to drive the states of (21) to the origin with exponential convergence and Lyapunov stability.
Introducing the variables It can be clearly seen from the simulation results that exponential convergence is achieved.
V. CONCLUSION
In this note, the problem of global K-exponential stabilization is considered for a class of nonholonomic chained systems with strongly nonlinear input/state driven disturbances and drifts. Using input-state scaling and backstepping techniques, a globally exponentially convergent state-feedback control law is designed. Using a switching scheme dependent on the initial condition, Lyapunov stability and exponential convergence are guaranteed for the closed-loop system. The simulations results in a wheeled mobile robot have demonstrated the effectiveness of the proposed control design approach.
